Surface wave scattering theory is presented as a new method for analyzing teleseismic surface wave data. Using surface wave scattering integrals the effect of lateral heterogeneity both on the surface wave coda generation and on the direct surface wave is described. Since the employed scattering theory for the forward problem is linear, the inverse problem can conveniently be solved in the least squares sense using an iterative matrix solver. For waveform inversions of the direct surface wave, only near forward scattering contributes. For this case the isotropic approximation is introduced, which makes it possible to retrieve phase velocity information from scattering theory. It is shown that for practical waveform inversions the resulting system of linear equations is extremely large and how row action methods can be used conveniently for carrying out the inversion on moderate size computers. The performance of the inversions is illustrated with two numerical examples. In the first example the surface wave coda generated by one point scatterer is inverted. It is shown that the reconstruction in this case is similar to Kirchhoff migration methods as used in exploration seismics. In the second example, ray geometrical effects (focusing and phase shifting) are obtained from the linear inversion with scattering theory. It follows from this example that linear waveform inversion can simultaneously fit the amplitude and the phase of surface wave data.
INTRODUCTION
Standard surface wave analysis proceeds by extracting pathaveraged group or phase velocities from surface wave data using dispersion analysis. If sufficient data are available, these pathaveraged dispersion data can be used to determine the local phase or group velocity. Mathematically, this approach relies on the great circle theorem [Backus, 1964; Jordan, 1978; Dahlen, 1979] or more accurately on the minor arc theorem [Romanowicz, 1987] . These theorems state that surface waves are only influenced by the integral of the phase or group velocity over the source receiver great circle (or minor arc). This is justified if the lateral heterogeneity is smooth on a scale of a wavelength of the surface waves under consideration.
In practice, this condition may not be satisfied. For example, a 30-s Rayleigh wave has a wavelength of approximately 120 km.
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theory nor the two-dimensional wave equation. Specifically, there is no need to assume any smoothness properties of the medium. In fact, in section 7 a numerical example is shown of the distortion of the direct surface wave by a structure with sharp edges. A restriction of this inversion method is that small scattering angles are assumed. This can in practice be realized by time windowing the data.
In section 2 some elements of surface wave scattering theory are revisited. The isotropic approximation, which allows the determination of phase velocities from scattering theory, is introduced in section 3. Section 4 features a method to invert the resulting scattering integral. Due to the extremely large size of the resulting matrix equation this is not without problems, and in section 5, several tricks are shown to make these computations feasible on systems as small as a super minicomputer. Unfortunately, the surface wave inversion problem is in reality nonlinear, and the assumption of linearity is only justified for reference models which are sufficiently close to the real Earth. It is therefore advantageous to perform a nonlinear inversion (using ray theory) first (section 6) in order to find a smooth reference model for the subsequent linear inversion. (In this paper this linear inversion is referred to as "Born inversion.") In section 7 it is shown that a more or less realistic distribution of scatterers produces a realistic looking coda but also that sharp lateral heterogeneity may severely distort the direct surface wave. Examples of inversions for a point scatterer and for ray [Snieder and Nolet, 1987] ; that is, it is assumed that the heterogeneity is weak and that the far-field limit can be used.
In order to transcend these limitations a considerable amount of theoretical work remains to be done. For reasons of simplicity, only vertical component fundamental mode data are assumed, but this restriction is not crucial. Note that this does not mean that the fundamental Love wave need not be considered, because in general a double-couple source excites Love waves, which may be converted by the heterogeneity to Rayleigh waves.
SURFACE WAVE SCATI'ERING Ti•ORY
A dyadic decomposition of the surface wave Green's function [Snieder, 1986a; Snieder and Nolet, 1987] has allowed compact expressions for beth the direct and the scattered surface waves. In this section, elements of surface wave scattering theory are briefly presented. Throughout this paper a spherical geometry is assumed, and computations are performed to leading order of ka, where k is the wave number and a the circumference of the Earth. As shown by Snieder and Nolet [1987] wavelength.) In that case the phase terms and the geometrical spreading terms of the propagators follow from ray theory [Snieder, 1986a] . Solving the ray tracing equations is a cumbersome affair, and as long as the inhomogeneity of the reference medium is sufficiently weak, the ray geometrical effects can be expressed as simple line integrals over the minor arc under consideration [Woodhouse and Wong, 1986; Romanowicz, 1987 
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ISOTROPIC APPROXIMATION
The surface wave scattering formalism, as presented in section 2, establishes a linear relation between the lateral heterogeneity and the perturbations of the surface wave field. In principle, a three-dimensional inversion could therefore be formulated as a huge system of linear equations by discretizing both the scattering integral over the heterogeneity (5) and the depth integrals in the interaction terms (7). Unfortunately, the simplicity of this approach is elusive. An inversion using the surface wave scattering integral (5) . In this test example the depth dependence of the for event-station pair "i" at frequency o0i, due to a unit heterogeneity was prescribed, and an accurate reconstruction of perturbation of model parameter "j." the location of the dam was realized using the surface wave coda. In general, the matrix G is extremely large. The reason for this Alternatively, one can make the "isotropic approximation." It is that the integrand in the original scattering equation (13) These expressions are extremely useful because they make it possible to retrieve the phase velocity perturbation from scattering theory. This allows a two-stage inversion of surface wave data. In the first step the scattering theory is used to find the phase velocity perturbation using (5), (11), and (12). Once these local phase velocities are computed, a standard linear inversion can be used to determine the depth dependence of the heterogeneity [Nolet, 1981] . The catch is that this approach forces us to use information for small scattering angles only. In practice, this can be achieved by time windowing the seismograms, and only using rapidly oscillating with the position of the inhomogeneity. This means that in order to discretize (13) Tarantola [1984a,b] that this procedure is similar to Kirchhoff migration as used in exploration seismics. Just as with these techniques, the surface wave reconstructions using the method of this paper will contain "smiles" [Berkhout, 1984] if insufficient data are used.
It may be advantageous to impose an a priori smoothness constraint on the solution. This can be achieved by solving instead of (15) This implies that in this case the phase of the direct surface wave is described well by ray theory, despite the fact that applying ray theory is strictly not justified. However, the amplitude of the surface wave is very sensitive to abrupt lateral variations of the structure. receivers, an image is constructed by the superposition of these ellipses.
B•' = l •v(m,t)[u(t)-s(m,t)ldt B• = f sv(rn,t)[u(t)-s(rn,t)]dt (23)

INVERSION FOR
As mentioned in section 4, the result of the first iteration of the Born inversion is proportional to G rd, which can be interpreted as the temporal correlation between the excited wave field and the back propagated data residuals [Snieder, 1987a] . Since surface wave trains consist of oscillating wave packets, this correlation also has an oscillatory nature, which produces the alternation of positive and negative anomalies in The seismograms for the right wave path are shown in Figure  9 . The synthetic data are 40% too strong for the laterally homogeneous reference model; this is almost completely taken care of in the inversion. Physically, this is achieved by a negative phase velocity anomaly on the source receiver line and an anomalously high phase velocity just away from this line. This phase velocity pattern leads to focusing of surface wave energy, so that the large amplitude is fitted. This confirms not only that surface wave scattering theory can account for ray geometrical effects [Snieder, 1987b] , but also that these ray geometrical effects are taken care of in the Born inversion. The asymmetry of the phase velocity pattern in Figure 7 around the wave paths is due to the the asymmetry in the radiation pattern of the doublecouple source.
There are approximately 10 cells between the maxima in the strips of high phase velocities for the right wave path in Figure 7 . The focusing produced by this structure is achieved by the transverse curvature of the phase velocity. Increasing the cell size (which is computationally advantageous) leads to a representation of this curvature with only a few cells, which may produce unacceptable inaccuracies.
CONCLUSION
Large-scale inversion of the surface wave coda can in principle be performed using an iterative solver of a large system of linear equations. For this kind of inversion the depth dependence of the heterogeneity should be prescribed or be parameterized in a limited number of basis functions. Alternatively, the isotropic approximation can be used, which leads to a waveform fit of the direct surface wave due to a laterally heterogeneous phase velocity field. These phase velocities, determined for different frequency bands, can be inverted locally to a depth distribution of the heterogeneity.
The Born inversions shown in this paper are performed iteratively using LSQR. Although LSQR is originally designed for sparse matrices and the matrix for surface wave scattering is not sparse, good results are obtained in inversions of synthetic data. In practice, three iterations proved to be sufficient both for an inversion for the surface wave coda and of the direct wave. A similar conclusion was drawn by Gauthier et al. [1986] , who used an iterative scheme for fitting waveforms in an exploration geophysics setting.
In hindsight, the success of linear waveform inversions in a few number of iterations is not so surprising. It has been argued by Tarantola [1984a, b] that the standard Kirchhoff migration methods in exploration seismics is equivalent to the first (steepest descent) step of an iterative optimization scheme. Analogously, the first step of the iterative matrix solver used here amounts to a holographic inversion [Snieder, 1987a] (B9)
